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Abstract

This paper shows how large-dimensional dynamic factor models are suit-
able for structural analysis. We argue that all identification schemes em-
ployed in SVAR analysis can be easily adapted in dynamic factor models.
Moreover, the “problem of fundamentalness”, which is intractable in struc-
tural VARs, can be solved, provided that the impulse-response functions
are sufficiently heterogeneous. We provide consistent estimators for the
impulse-response functions, as well as (n,7T) rates of convergence. An
exercise with US macroeconomic data shows that our solution of the fun-
damentalness problem may have important empirical consequences.
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1 Introduction

Recent literature has shown that large-dimensional approximate (or generalized)
dynamic factor models can be used successfully to forecast macroeconomic vari-
ables (Forni, Hallin, Lippi and Reichlin, 2005, Stock and Watson, 2002a, 2002b,
Boivin and Ng, 2003, Giannone, Reichlin and Sala, 2005). These models assume
that each time series in the dataset can be expressed as the sum of two orthogonal
components: the “common component”, capturing that part of the series which
comove with the rest of the economy and the “idiosyncratic component” which
is the residual. The vector of the common components is highly singular, i.e.
is driven by a very small number (as compared to the number of variables) of
shocks (the “common shocks” or “common factors”). Indeed, evidence based on
different datasets points to the robust finding that few shocks explain the bulk of
dynamics of macro data (see Sargent and Sims, 1977 and Giannone, Reichlin and
Sala, 2002 and 2005). If the common component of the variable to be predicted is
large, a forecasting method based on a projection on linear combinations of these
shocks performs well because, while being parsimonious, it captures the relevant
comovements in the economy.

Here we argue that the scope of dynamic factor models goes beyond forecast-
ing. Our aim is to open the black box of these models and show how statistical
constructs such as factors can be related to macroeconomic shocks and their
propagation mechanisms.

We define macroeconomic shocks those structural sources of variation that are
cross-sectionally pervasive, i.e. that significantly affect most of the variables of
the economy, as opposed to idiosyncratic sources of variation, that are specific
to a single variable or a small group of variables, hence capturing both sectoral-
local dynamics (let us say "micro” dynamics) and measurement error. Our aim is

identification of the macroeconomic shocks and their dynamic effect on macroe-



conomic variables, whereas the idiosyncratic components are disregarded.

A key paper, in which the distinction between macroeconomic shocks and
idiosyncratic sources of variation is systematically exploited for macroeconomic
modeling is Sargent and Sims (1977), in which several models, both “Keyne-
sian” and “classical”, are reformulated as factor models with a small number of
macroeconomic shocks. More recent literature includes papers in which Dynamic
Stochastic General Equilibria (DSGE), augmented with measurement errors, are
estimated by maximum likelihood (augmenting a theory-based model with mea-
surement errors goes back to Sargent, 1989; see also Altug, 1989, Ireland, 2004
and the literature mentioned therein; for an explicit link to factor models see
Giannone, Reichlin and Sala, 2006, Boivin and Giannoni, 2006).

The approach we propose here is a combination of Structural vector Au-
toregression (SVAR) analysis and large-dimensional dynamic factor models. Pre-
cisely, the factor model is used to consistently estimate common and idiosyncratic
components of macroeconomic variables. Then we apply SVAR analysis to iden-
tify the relationship between common components and macroeconomic shocks.

Our approach differs from error-augmented DSGE models in that we estimate
the impulse-response functions of the macroeconomic variables to macroeconomic
shocks without imposing any theory-based dynamic restriction. It has a close
relationship to FAVAR models, in which a VAR is augmented with common
factors (see Bernanke, Boivin and Eliasz, 2005). The link between factor models,
FAVAR and VAR models has been studied in Stock and Watson (2005), who
show how SVAR techniques can be used in a factor-model context. However, our
analysis of the fundamentalness of the structural shocks in factor models, and
the consequent motivation for an autoregressive approximation (see below and
Section 3), is a distinctive feature of the present paper. An early work in which

a large factor model is used for structural analysis is Forni and Reichlin (1998);



major differences with the present paper are the empirical focus and the proposed
estimation procedure.

To give a brief outline of the structure of the paper, suppose that we are in-
terested in key macroeconomic variables such as per-capita consumption, income
and investment, denoted by ¢, y; and i; (see our empirical exercise in Section 5).
The macrovariables ¢;, y; and 7; are embedded in a large macroeconomic dataset
(the number of variables in our exercise is 89), and modeled as a common com-
ponent, driven by structural macroeconomic shocks, plus an idiosyncratic com-
ponent (variable specific shocks and measurement error). Under fairly general
assumptions the common components can be estimated consistently (see Section
2).

The vector of the common components, call it yx,;, has dimension n, the
number of variables in the dataset, and rank ¢, the number of macroeconomic
shocks (three in our exercise), and is therefore highly singular. A crucial step
in our analysis is the dynamic specification of x, as a (singular) vector autore-
gression driven by the macroeconomic shocks. This implies assuming that the
macroeconomic shocks are fundamental for the common components x,;. Sec-
tion 3 is dedicated to showing that the fundamentalness problem, a weakness of
SVAR analysis, finds a satisfactory solution within our approach (on the fun-
damentalness issue in SVAR models see Hansen and Sargent, 1991, Lippi and
Reichlin, 1993 and 1994 and, more recently, Chari, Kehoe and Mcgrattan, 2005,
Fernédndez-Villaverde, Rubio-Ramirez and Sargent, 2005, Giannone, Reichlin and
Sala, 2006). Non fundamentalness of structural shocks is a consequence—this is
the usual explanation—of the agents having an information set that is larger than
the econometrician’s. We argue that in large-dimensional factor models, in which
the number of observed variables is larger than the number of shocks (unlike in

SVAR models), such “superior information” can occur only by a fluke (on the



importance of this feature for monetary models, see Bernanke and Boivin, 2003
and Giannone, Reichlin and Sala, 2002 and 2005).

Once the vector autoregressive specification for x,, has been motivated, we
show that all the identification techniques developed in SVAR analysis, such as
long-run or impact effects, can be successfully imported in the identification of
structural macroeconomic shocks within large-dimensional dynamic factor mod-
els. Like in SVAR analysis, the structural shocks are obtained by linearly trans-
forming the estimated residual vector v;, the key difference being that here the
number of shocks ¢ is smaller than the number of variables. Lastly, we can go
back to the variables of interest and study their dynamic response to structural
macroeconomic shocks. Section 5 analyses an empirical example on US macroe-
conomic data which revisits the results of King, Plosser, Stock and Watson (1991)
in the light of our discussion on fundamentalness.

Section 4 studies consistency and rates of convergence for the estimators of

the shocks and the impulse response functions.

2 The Large-Dimensional Dynamic Factor Model

The dynamic factor model used in this paper is a special case of the generalized
dynamic factor model of Forni, Hallin, Lippi and Reichlin (2000) and Forni and
Lippi (2001). Such model, and the one used here, differs from the traditional
dynamic factor model of Sargent and Sims (1977) and Geweke (1977), in that the
number of cross-sectional variables is infinite and the idiosyncratic components
are allowed to be mutually correlated to some extent, along the lines of Cham-
berlain (1983), Chamberlain and Rothschild (1983) and Connor and Korajczyk
(1988). Closely related models have been recently studied by Stock and Watson
(2002a, 2002b), Bai and Ng (2002) and Bai (2003).

Denote by zg = (Tit)i=1,..n:t=1,..7 an n X T rectangular array of observations:



Assumption 1. zl is a finite realization of a real-valued stochastic process
X={zy,ie Nt €Z, xy € Ly(Q, F,P)}
indexed by N X Z, where the n-dimensional vector processes
{Zwy = (14 -+ x), t€Z}, neN,

are stationary, with zero mean and finite second-order moments I'y, = E[znx;, , ;]

kelZ.

We assume that each variable x;; is the sum of two unobservable components,
the common component x;; and the idiosyncratic component ;. The common
components are driven by g common shocks uy = (u1 uz -+ ug). Note that
q is independent of n (and small as compared to n in empirical applications).

Precisely, defining x,, = (x1¢ .- Xnt) and &,,,= (1r ... &)

Tnt = Xnt+€nt

Xor = Ba(Lyu, (2.1)

where:

Assumption 2. u; is a g-dimensional orthonormal white noise, B, (L) is a nested
sequence of one-sided n x q absolutely summable matriz polynomials (infinite in
general). Moreover, there exist an integer r > q, a nested sequence of n X r
matrices A, and a one-sided absolutely summable r X ¢ matriz polynomial (infinite

in general) N(L), such that
B,(L) = A,N(L). (2.2)

Defining the r x 1 vector f, as



(2.1) can be rewritten in the static form

Ty = Apfr +&m (2.4)

In the sequel, we shall use the term static factors to denote the r entries of

f:, whereas the common shocks u; will be also referred to as dynamic factors.

The common shocks u; and B, (L) are assumed to be structural sources of
variation and impulse-response functions respectively. Therefore model (2.1), as
specified in Assumptions 1 and 2 and the other assumptions below, is a structural
factor model.

By contrast, the static factors f;, the matrix A,, and N (L) have no structural
interpretation and are not unique. For, if g; = G f;, where GG is r xr and invertible,
then z,,; = [A,G7g; + &, with g, = [GN(L)|uy, is another static representation

for x,,;.

Assumption 3. (Orthogonality of common and idiosyncratic components) For

all n, the vector €,, is stationary. Moreover, u, is orthogonal to &, 1 € N, t €

Z, T €.

The assumption of orthogonality between common and idiosyncratic compo-
nents has an economic justification. Interpreting the factor model as the joint
model of the economy and the statistical agency, under reasonable hypotheses
on the behavior of the statistical agency, the latter is orthogonal to the signal
captured, in our framework, by the common shocks (see Sargent, 1989 for a
discussion). Moreover, orthogonality between common and idiosyncratic compo-
nents ensures that the entries of B,(L) can be interpreted as impulse-response
functions of the common shocks on the y’a and on the variables z;; themselves.

Some definitions are needed for the next two assumptions. Let I'Y be the k-

lag covariance matrix of x,,,, and denote by ) the j-th eigenvalue, in decreasing



order, of I'S. Moreover, let ¥X(0) and ¥5() be the spectral density matrix of x,,
and §,,, respectively, and denote by A(6) and )\§(9) their eigenvalues as functions
of § € [—m 7], in decreasing order.

To avoid heavy notation, indication of the dependence on n and T is kept
to a minimum. In particular, dependence on n of I'}, ,ui»‘, etc., just defined, and
of other scalars and matrices defined below, is not made explicit. In the same
way, reference to T" and n will be avoided for estimated scalars and matrices. For

example, the estimator of I'j, the covariance matrix of z,,, is denoted by fg.

Assumption 4. (Pervasiveness of common dynamic and static factors)

(a) As n — oo we have NX(0) — oo for 6 almost everywhere in [~ 7].

(b) There exists constants c;,¢;, j = 1,...,r, such thatc; > 1, j=1,...,7—1,
and

n—oQ

0 <¢ <lim infn_l,u;»< < lim sup n_l,u;‘ <G
n—oQ

Assumption 5. (Non-pervasiveness of the idiosyncratic components) There ex-
ists a real £ such that X5(0) < L for anyn € N and 0 a.e. in |- w]. This

obviously implies that ,u§ < L for anyn € N, ,u§ being the j-th eigenvalue of Fflo.

Assumption 5 includes the case in which the idiosyncratic components are mu-
tually orthogonal with an upper bound for the spectral densities (and therefore for
the variances). Mutual orthogonality is the usual condition in finite-dimensional
factor models. Assumption 3 relaxes such condition by allowing for a limited
amount of cross-correlation among the idiosyncratic components. Assumption 4
(pervasiveness of the common factors) implies that each of the common shocks
uj; affects (almost) all the variables z;;, ¢ € N, with non-declining coeflicients.

Some comments on our assumptions are in order:



(I) The number ¢ of dynamic factors and the components y;; are identified. In
particular, a representation of the form (2.1)-(2.4) with a different number of
dynamic factors is not possible (see Forni and Lippi, 2001).
(IT) Assumption 4(b) is necessary to identify r. In particular, a static represen-
tation of the common components y;; with a different number of static factors is
not possible.
(ITII) We define the static and dynamic rank of f, as the rank of, respectively,
its variance-covariance and spectral density matrix. By Assumption 4(a) the
dynamic rank of f, is ¢ for 6 a.e. in [—7 7|. Assumption 4(b) entails that, for n
sufficiently large, A, has full rank r and that f, has static rank r for any given t.
Thus, for any given t, the space spanned by xi, ¢ € N, coincides with the space
spanned by the static factors fj;, 7 = 1,...,7, and has therefore dimension 7.
The following dynamic factor model has been often considered in the large-
dimensional factor-model literature (see Stock and Watson, 2002a, 2002b, 2005,
Bai and Ng, 2007, Forni, Hallin, Lippi and Reichlin, 2005):

Xnt = Cfn(]f:&k + Cnlf:_l +oet Cnsf:—m (25)

where f; is ¢-dimensional and the matrices C' are n X ¢ and nested, and that f;

has the VAR representation:
O(L)f; = (1— 0L — - — OL")f} = uy. (2.6)

where ©(L) is ¢ x ¢. Using the definitions

fo= U0l i) Ay=(Cuo Cur -+ Chy),
N(L) = (K(L) K(L)L --- K(L)™'L*),

where K(L) = (©(L)")~!, we have f, = N(L)u; and
Tt = Anfi + &0 (2.7)

The static rank of f, is always ¢(s+ 1). However, in order for (2.7) to be a static
representation of the model it is necessary that A, be full rank, and this depends

on the coefficients of the matrices Cy,;:



(1) If no restrictions among the coeflicients of the matrices C,; hold (assume for
example that they are independently drawn from the same distribution), then
(2.7) is a static representation of the model.
(ii) If restrictions hold, such that A, is not full rank, then r < ¢(s + 1) and
obtaining a static representation requires further manipulation. For example,
assume that ¢ = 1, s = 1, so that (2.5) can be written as x;: = cjous + cirup—1. If
no restrictions hold among the ¢’s, then r = 2 and (2.7) is a static representation.
But if the restriction ¢;; = acy holds, then r =1, N(L) =1+alL, f; = (1+al)u,
and A, = (c1p c20 *+* o)’

In any case, with or without restrictions, existence of a static representation

for model (2.5)-(2.6) is an immediate consequence of the following remark:

(R) Assume that x,;, = Bn(L)u;. Denoting by X, the space spanned by X, i € N,
if X, is finite dimensional, then x,, has a static representation x,,, = AnN(L)u;.
For, let r be the dimension of X}, for a given ¢. Stationarity of x,, implies that
(i) r is independent of ¢, (ii) X; has a stationary basis f, = (fit for -+ frt),
(iii) xit = a;f, with a; independent of t. As f, € X}, x,; = Bn(L)u; implies that
f+ can be represented as N (L)u;.

Model (2.5)-(2.6) implies that the entries of N (L) are rational functions of L.
Conversely, assuming that the entries of N(L) are rational functions of L implies
that the model can be put in the form (2.5)-(2.6). This is fairly obvious. If ¢;(L)
is the least common multiple of the denominators of the entries in the j-th column
of N(L), then N(L) = N;(L)No(L)™!, where Ni(L) is a r X g moving average
and No(L) is ¢ X ¢ with the polynomials ¢;(L)™" on the main diagonal and zero

elsewhere. Thus the following is equivalent to assuming (2.5)-(2.6).

Assumption 6. The entries of N(L) are rational functions of L.

10



Note that if Assumption 6 holds for the vector f;, i.e. for a static representa-
tion, then it holds for all static representations.

Our last problem is a specification of N (L) which makes the model suitable
for identification and estimation of the shocks u;. A standard solution is the

assumption that N (L) results from inversion of a VAR, that is

fe—Difi s — - — Dnfi = Ruy,

where R is a 7 X ¢ matrix, so that N(L) = (I — D;L — --- — D,,L"™)~. This
assumption implies, as shown in Proposition 2 below, that u, is identified up to
a unitary matrix. However, the VAR specification also implies that u; belongs
to the space spanned by present and past values of the variables y;, i.e. that u,
is fundamental for the x’s. This is the issue that will be thoroughly discussed in

the next section.

3 Fundamentalness of the Structural Shocks
3.1 Response heterogeneity, n large and fundamentalness

3.1.1 Let us begin by briefly recalling some basic notions on fundamental rep-
resentations of stationary stochastic vectors. Assume that the n-dimensional
stochastic vector g, admits a moving average representation, i.e. that there exist
a g-dimensional white noise v; and an n x ¢, one-sided, square-summable filter
K(L), such that

p = K(L)v,. (3.8)

If v; belongs to the space spanned by present and past values of p; we say that
representation (3.8) is fundamental and that v, is fundamental for p; (the con-
dition defining fundamentalness is also referred to as the miniphase assumption;
see e.g. Hannan and Deistler, 1988, p. 25). With no substantial loss of generality

we can suppose that ¢ < n and that v, is full rank. Moreover, for our purpose,

11



we can suppose that the entries of K (L) are rational functions of L and that the
rank of K(z) is maximal, i.e. ¢, except for a finite number of complex numbers.

Then (see e.g. Rozanov, 1967, Ch. 1, Section 10, and Ch. 2, p. 76):

(F) Representation (3.8) is fundamental if and only if the rank of K(z) is q for

all z such that |z] < 1.

Assuming that (3.8) is fundamental, all fundamental white-noise vectors z;
are linear transformations of v, i.e. z; = Cv; (see Proposition 2 below). Non
fundamental white-noise vectors result from wv; by means of linear filters that
involve the so-called Blaschke matrices (see e.g. Lippi and Reichlin, 1994).

A fundamental white noise naturally arises with linear prediction. Precisely,

the prediction error

w; = py — Proj(pe|pe—1, pe—o, ...)

is white noise and fundamental for u;. As a consequence, when estimating an
ARMA with forecasting purposes, the MA matrix polynomial is always chosen
to be invertible, which implies fundamentalness.

Fundamentalness plays also an important role for the identification of struc-
tural shocks in SVAR analysis. SVAR analysis starts with the projection of a
full rank n-dimensional vector u; on its past, thus producing an n-dimensional
full rank fundamental white noise w;. The structural shocks are then obtained
as a linear transformation Aw,, the matrix A resulting from economic theory
statements, which is tantamount to assuming that the structural shocks are fun-
damental. Fundamentalness has here the effect that the identification problem
is enormously simplified. However, as pointed out in the literature mentioned in
the Introduction (see also Section 3.1.2 below), economic theory, in general, does

not provide support for fundamentalness, so that all representations that fulfill

12



the same economic statements but are non fundamental are ruled out with no
justification.

Our main point is that the situation changes dramatically if structural analysis
is conducted assuming that n > ¢. Precisely, as we see below, non fundamental-
ness is a generic property for n = ¢, while it is non generic for n > ¢. Thus the
question “why assuming fundamentalness?”, which is legitimately asked when
n = q, is replaced by “why should we care about non fundamentalness?” when
n>q.

An easy and effective illustration can be obtained assuming that ¢ = 1, that
the entries of K (L) = (Ky(L) K3(L) --- K,(L))" are polynomials whose degree
does not exceed s, so that K(L) is parameterized in R***Y . In this case, if
n = ¢ = 1, non fundamentalness translates into the condition that at least one
root of Ki(z) has modulus smaller than unity. Continuity of the roots of K;(z)
implies that non fundamentalness is generic, i.e. that if it holds for a point kK in
the parameter space it holds also within a neighborhood of k.

On the other hand, if n > ¢, by (F), non fundamentalness implies that the
polynomials Kj;(z) have a common root. As a consequence, their coefficients must
fulfill n — 1 equality constraints (see e.g. van der Waerden, 1953, p. 83). Non

fundamentalness is therefore non generic.

3.1.2 The discussion above has a forceful macroeconomic counterpart. Let us
firstly adapt to our framework the classic permanent-income consumption model,
as used in Fernandez-Villaverde, Rubio-Ramirez, Sargent and Watson (2006) to

illustrate non fundamentalness. With minor changes in notation:

ct = ci—1+ ou(1 — R_l)ut
y—c = —ci1+ o Ry,

where ¢, is permanent consumption, g is labour income, u; is a white-noise process

and R is a constant gross interest rate. The authors assume that the variable

13



Yy — ¢, call it sy, is observed by the econometrician whereas ¢; is not. From the

equations above we obtain
s¢ — 5.1 = 0y R7Y(1 — RL)uy, (3.9)

so that, as R > 1, u; is not fundamental for s;. Therefore the VAR for s; (the
best the econometrician can do), which is just a univariate autoregression, would
produce an innovation which is not the structural shock u;. However, if the
econometrician observes c¢;, or 1y, or the value of the consumer’s accumulated
assets, then u; becomes fundamental (p. 5). Precisely, u; can be recovered using
present and past values of s; and another variable, whereas present and past
values of s; alone are not sufficient.

This extremely simple example contains all the elements we need to motivate
fundamentalness of the structural shocks u; for x,,,.
1. As a rule non fundamentalness arises when the econometrician’s information
set is smaller than the agent’s (see Hansen and Sargent, 1980, 1991; also the
learning-by-doing example in Lippi and Reichlin, 1993, can be reformulated in
terms of information sets). In the permanent income model the agent observes
permanent income whereas the econometrician does not.
2. However if any additional variable z; = b(L)u, is observed, then, by proposition
(F), u; is fundamental for the singular vector (s; z;)’, unless b(R™!) = 0. For
example, if z; = a(u; — fus—1), then § # R is sufficient for fundamentalness of u,
for (s z)".
3. In our framework, the agent still observes ¢; and s;, while the econometrician
observes

Tt = St + &,

i.e. s; plus measurement error. However, we also assume that zy; belongs to

a large dataset x;; = i + &, which is observed by the econometrician. The

14



common components Y, can be recovered using our large-dimensional factor-
model techniques. Moreover, assuming for simplicity that ¢ = 1, like in the
permanent-income example, the unique structural shock u; is fundamental for
the vector of the common components, unless all the responses b;(L) fulfill the
extremely unlikely constraint b;(R™') = 0.

In general, if the variables x;; are driven by ¢ shocks, a macroeconomic model
that contains only ¢ variables, suppose they are x;;, j = 1,...,¢, cannot en-
sure fundamentalness of u;, the reason being possible superior information of the
agents with respect to present and past values of x;, j = 1,...,q. However,
the informational advantage of the agents disappears if the econometrician ob-
serves a large set of additional macroeconomic variables. The generating process
of xjt, 7 = ¢+ 1,...,n, contains parameters that do not belong to the gener-
ating process of the first ¢, and viceversa. Therefore, with all likelihood, their
dynamic responses to u; are sufficiently heterogeneous, with respect to the first
¢, to prevent the rank reduction which is, by Proposition F, equivalent to non

fundamentalness.

3.1.3 Based on the discussion above we assume fundamentalness of u; for i,
1€ N.

Proposition 1. Under Assumptions 1, 2 and 4, fundamentalness of u; for i,
i € N, 1s equivalent to left invertibility of N(L), i.e. to the existence of a q X r
filter G(L) such that G(L)YN(L) = 1,. Moreover, under 1, 2, 3, 4 and 5, u,
belongs to the space spanned by present and past values of vy, 1 = 1,..., 00, i.e.

1s fundamental for x;, 1 € N.

Proof. If w; is fundamental for x;, ¢ € N, then it is fundamental for f,, i.e.
there exists a ¢ x r filter G(L) such that u, = G(L)f, = G(L)N(L)u;. As
u; is a white noise, G(L)N(L) = I,. Now assume that G(L)N(L) = [,. As-

sumption 4 implies that A’ A, is full rank for n sufficiently large. Setting,

15



Sn(L) = G(L) (AL A,) " AL we have Sy (L) = Sn(L)Xnt + Sn(L)€n. Now
Su(L)X = G(L) (A An) ™ AL AL f, = G(L)f, = GL)N(LYuy = .

Therefore u, lies in the space spanned by present and past values of x,;. Moreover,
S.(L)E,, = G(L) (A A,)~" A'€, converges to zero in mean square by assumptions

4 and 5. Q.E.D.

The proof above also shows that fundamentalness of u; for y;, ¢ € N is
equivalent to fundamentalness of u; for x,; for n sufficiently large. In view of

Proposition 1, our fundamentalness assumption will be formulated as follows:

Assumption 7. (Fundamentalness) There exists a q X v one-sided filter G(L)
such that G(L)N(L) = 1.

Obviously, if Assumption 7 holds for a particular static representation then it
holds for all static representations.

Starting with representation (2.5)-(2.6), if no restrictions hold among the
coefficients of the matrices C,;, we have N(L) = (K(L) K(L)L --- K(L)L*),
which has left inverse (©(L) 0, --- 0,). Thus, as we can obviously expect, no
restrictions implies “maximum heterogeneity” of the responses to the structural
shocks and therefore fundamentalness. To see the effect of restrictions consider
again the example with ¢ = 1 and y;u = cjour + cu—1 (see Section 2). If the
restriction ¢;; = acyo holds we have r = 1 and N(L) = 1+aL. In this extreme case
Assumption 7, i.e. |a| < 1, is no less arbitrary as the fundamentalness assumption
in VAR analysis. When restrictions hold but r > ¢, Assumption 7 rules out lower
dimensional subsets of parameter space.

To introduce our last assumption, a VAR specification for f,, let us consider

the orthogonal projection of f, on the space spanned by its past values:

ft = PI‘Oj(ft | ft—1> ft—2> ey )+wt> (310)

16



where w; is the r-dimensional vector of the residuals. Under our assumptions,
w; has rank ¢. Moreover, by the same argument used to prove Proposition 2
(see the next subsection), Assumption 7 implies that w; = Ru;, where R is a
maximum-rank r X ¢ matrix.

To get some insight in the orthogonal projection (3.10), consider again repre-
sentation (2.5)-(2.6) with no restrictions. The static representation of the model

has r = g(s+ 1) and
fi=(K(L) K(L)L --- K(L)L®)u,.

In particular, assuming that m < s, f, has the AR(1) representation

fi 0, 0, - O, 6,\ (fia Iy
Fea| 1, 04 - 0y 0| [fiz N Oq u
: 0, I, --- 0, 0, : L
f:ﬁk—s Oq Oq o Iq Oq f;fk—s—l Oq

where ©; = 0, if j > m. If m > s the order of the VAR is higher (but still finite).
Joining this observation with the usual approximation argument, a specifica-

tion of f; as

fo=Difr+ -+ Dufyp + Ruy, (3.11)

even with h very small, does not seem to cause a dramatic loss of generality. In

the sequel we will adopt the VAR(1) specification:

Assumption 7. (Fundamentalness: VAR(1) specification) The r-dimensional
static factors f; admit a VAR(1) representation

fi=Df,_, + Ru, (3.12)
where D isr x r and R is a mazimum-rank matriz of dimension r X q.

Under (3.12),
Xnt = Bn(L)u; = A, (I — DL) ™ Ruy. (3.13)
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Note that assuming (3.12), or (3.11), is independent of the particular static factors
we choose. For, let g; = Gf;, where GG is r X r and invertible, be another basis
in the space spanned by the y;’s. If f, fulfills (3.12), then g, = [GDG']g;_1 +
|GR|u;.

A convenient alternative formulation of Assumption 7’ is

Assumption 7”. The r-dimensional static factors f; admit a VAR(1) represen-

tation

fi=Df 1 +e (3.14)

where D isr X r and € is a white noise of rank q.

3.2 Alternative fundamental representations

Our next result shows that if x,, = C,,(L)v, is a given fundamental representation,

then u; can be obtained from v, my means of a static rotation.

Proposition 2. Consider the common components of model (2.1)

Xnt = Bn(L)u;. (3.15)
under Assumptions 1 through 7. If

Xnt = Cn(L)v: (3.16)

for any n € N, where the matrices C,(L) are nested and v; is a q-dimensional
fundamental orthonormal white noise vector, then representation (3.16) is related

to representation (3.15) by

U = H’Ut

Bu(L) = Cu(L)H',
where H is a q X q unitary matriz, i.e. HH' = 1.
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Proof. Projecting u; entry by entry on the linear space V, spanned by present
and past values of vy, h =1,...,q we get
uy = i Hyvig + 14,
k=0

where r; is orthogonal to v;_r, £ > 0. Now consider that V; and the space
spanned by present and past values of x;, ¢ € N, call it X;”, are identical,
because the entries of x;—x, & < 0, belong to V; by equation (3.16), while the
entries of v;_;, k < 0, belong to X, by assumption. The same is true for X~
and the space spanned by present and past values of uy, 2 =1,...,q, call it U,
so that U, =V, . Hence r, = 0. Moreover, serial non-correlation of the vy;’s
imply that 72, Hyv,_) is the projection of u, on V,_;, which is zero because
V,_1 = U;_. Tt follows that u; = Hpv;. Orthonormality of u; implies that Hy is
unitary HyH) = 1. QED

4 Identification and Estimation
4.1 Variables of interest, identification

Proposition 2 has the consequence that structural analysis in large-dimensional
factor models can be carried on along the same lines of standard SVAR analysis.
Precisely:

(A) We select the variables of interest, the first m with no loss of generality.
Usually m = q.

(B) We determine a g-dimensional vector v;, which is fundamental for y;, i € N,
and the corresponding representation X, = C,(L)v;.

(C) We assume that economic theory implies a set of zero and sign restric-
tions that uniquely determines the structural impulse-response function By, (L)
(just identification), i.e. that economic theory identifies a rotation H such that

B, (L) = C,(L)H' and u; = Hv,.
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(D) We construct a consistent estimator B,,(L) which is consistent with rate
11
e
Assuming that the variables of interest have been selected, let us concentrate
on step B. Denote by WX the n x r matrix whose j-th column is the normalized
eigenvector of I'}:

WXTYX = MXWY, (4.17)

where MX is the r x r diagonal matrix having ,u;‘ as entry (7, 7). Then define

1

gt \/ﬁ

The entries of g; are the first r (non-normalized) principal components of x.

WX/Xnt. (418)

Assumption 4(b) implies that for n large enough g; is a basis for the space X},
thus a vector of static factors. A fundamental representation for x,,; is now easily
obtained:

(i) By Assumption 77, g; = Dg;_1+¢€;, where, using I'] = E(g.g;_,) = ~WXT WX,

g (19\—1 XX X Mx -
D = T¥(T9)~" = WNTXW (7> , (4.19)
(ii) Setting I'“ = E(e€,), we have
Mx Mx
[“=TY-DI4D =~ —D—D. (4.20)
n n

(iii) Now let p, j = 1,...,¢q, be the j-th eigenvalue of I', in decreasing order, M
the ¢ x ¢ diagonal matrix with ,/u$ as its (4, j) entry, K the r x ¢ matrix with the
corresponding normalized eigenvectors on the columns. Defining v, = M1 K¢,

and K = KM,

Xmt = Qm(I — DL) 'Kv, = (fj QmDh/c> v, = Cpu(L)vy, (4.21)

h=0
where, using (4.17) and defining Z,,, = (I, On—m)’ (the n x m matrix with zero

on the last n — m rows and I,,, on the first m rows),

Qm = B(xmg:)[E(9:9))] ™" = V/nZ,,WX. (4.22)
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Note that g;, @, D, M, K and v;, all depend on n. Note also that v, is
fundamental for g;, i.e. for all the x’s, not necessarily for x,,;. In other words, v,
can be linearly recovered using contemporaneous and past values of all the x’s,
not necessarily the first m of the x’s (see Section 5.3 on this point).

The proof of our consistency result will need that the first ¢ eigenvalues of
the matrix ['* be distinct and asymptotically bounded away from zero (like the

eigenvalues of I'}/n, see Assumption 4 (b)).

Assumption 8. There exists constants d; and d;, i = 1,...,q, such that d; >

divi,1=1,...,9q—1 and

0<d;, < lign(i)glfuf- < limsup p; < d;

Let us now briefly discuss Step C. The assumption of just identification can
be formalized as follows:
(i) Start with any representation X,,; = S1(I — SoL)™1S3s; = S(L)s;, where s; is
fundamental for the x’s.
(ii) The restrictions implied by economic theory determine a rule, i.e. a function

F| associating a unitary ¢ x ¢ matrix with any triple S7, So, S3, such that
Bm(L) = S(L)F(Sl, Sg, 53)/, Uy = F(Sl, Sg, Sg)st.
In particular, setting H = F(Q, D, K), we have B,,(L) = C,,,(L)H', uy = Hv;.

4.2 Estimation

Let us start by some definitions and notation:

(D) fi = %Z£:k+1 Tty s

(IT) @i the j-th eigenvalue of fﬁ,

(IIT) M* the r x r diagonal matrix with fif as its entry (7, j),
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(IV) W* the n X r matrix with the corresponding normalized eigenvectors on the
columns.

The main motivation for using the static factors g;, as defined in (4.18), is
that g; can be approximated in probability by the sample principal components
of z,;:

1

ol !
%% T
n

gt:\/—

However, our consistency proof is not based on this result. Rather, we will directly

~

deal with Qm, D and I@, which are defined like @Q),,, D and K, respectively, with
'Y, MX and WX replaced by Ai, M?® and W< respectively. Therefore we can define
C(L) = Qu(I —DL)'K, H = F(Qu, D,K) and the estimated impulse-response
function B (L) = C(L)H'. In the Appendix, under an additional technical

assumption, we prove the following result:

Proposition 3. Forallk>0,i=1,...,m,j=1,...,q,

A 1 1
bijk — bijk| = Op <max <\/—ﬁ’ ﬁ)) ) (4.23)

In Section 5 we consider a case of partial identification, in which m = ¢ = 3.
The restrictions allow identification of the third column of Bs(L), call it B 3(L),
i.e. the entries corresponding to the third common shock, but not of the whole
Bs(L). Quite obviously, taking as F' any one of the infinite functions fulfilling
the restrictions, (4.23) can be applied to Bs3(L).

In conclusion, (4.23) applies with just or partial identification. Overidentifi-

cation is left to further research.

5 Empirical application

We illustrate our structural factor model by revisiting an influential work in SVAR

literature, namely the three-dimensional SVAR estimated in King, Plosser, Stock
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and Watson (1991) (KPSW henceforth). The variables are US per-capita output,
investment and consumption, partial identification of the permanent shock and
corresponding impulse-response functions being achieved by imposing long-run
neutrality of the remaining shocks on output.

Our exercise is based on a panel of macroeconomic series including the three
series used by KPSW, with the same sampling period. As we see below, three
common shocks, i.e. ¢ = 3, are consistent with our dataset. Moreover, upon
estimation of the common components, the variance of the idiosyncratic compo-
nents of output and investment accounts for about 15% of their total variance,
the fraction falling to 10% for consumption. Thus, using the same identifica-
tion restrictions applied in KPSW, allows a sensible and interesting comparison

between our impulse-response functions and those found in KPSW.

5.1 The data

The data set is quarterly and is based on the FRED II database, Federal Reserve
Bank of St. Louis, and Datastream. The original data of KPSW are available
on Mark Watson’s home page. We collected 89 series, including data from NIPA
tables, price indeces, productivity, industrial production indeces, interest rates,
money, financial data, employment, labor costs, shipments, and survey data. A
larger n would be desirable, but we were constrained by both the scarcity of series
starting from 1949 (like in KPSW) and the need of balancing data of different
groups. In order to use Datastream series we were forced to start from 1950:1
instead of 1949:1, so that the sampling period is 1950:1 - 1988:4. Monthly data are
taken in quarterly averages. All data have been transformed to reach stationarity
according to the ADF(4) test at the 5% level. Finally, the data were taken in
deviation from the mean as required by our formulas, and divided by the standard
deviation to make results independent of the units of measurement. A complete

description of each series and the related transformations is available on request.
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5.2 The choice of r and the number of common shocks

As a first step we have to set r and ¢. Let us begin with ». We computed the
six consistent criteria suggested by Bai and Ng (2002) with » = 1,...,30. The
criteria IC),; and IC)3 do not work, since they do not reach a minimum for r» < 30;
IC)s has a minimum for » = 12. To compute PC,;, PC)2 and PC)p3 we estimated
6% with r = 15 since with r = 30 none of the criteria reaches a minimum for
r < 30. PCy; gives r = 15, PCpy gives r = 14 and PC)3 gives r = 20. Below
we report results for r = 12, » = 15 and r = 18, with more detailed statistics for
r = 15. With r = 15, the common factors explain on average 79.7% of the total
variance.

Regarding the variables of interest, the common factors explain 85.6% of total
variance for output, 84.4% for investment and 89.4% for consumption. Bai and
Ng estimators were criticized for easily overestimating the number of static factors
when the idiosyncratic terms are strongly correlated. As a robustness check we
therefore repeated our exercise with »r = 9. Result are available upon request.
The main conclusions do not change.

Regarding ¢, the criterion proposed by Hallin and Liska (2007), non-log cri-
terion ICY, for different choices of the parameters and the penalty functions,
produces values of ¢ within the range 2-5. Thus the value ¢ = 3, necessary to
carry on the comparison between our results and KPSW’s, does not conflict with

available evidence.

5.3 Fundamentalness

We are interested in the impulse-response functions of per-capita output, invest-
ment and consumption, that is, with no loss of generality, in the matrix C3(L)H’.
The question here is that although C, (L), which is n x 3, is fundamental by

assumption for n sufficiently large, the 3 x 3 matrix C5(L) is not necessarily
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fundamental'. In other words, the common shocks can be recovered using con-
temporaneous an past values of the n common components, but we do not know
whether the first three are sufficient.

Figure 1 plots the moduli of the two smallest roots of the above determinant
as a function of r, for r varying over the range 3-30. Note that for r = 3 all the
roots must be larger than unity in modulus, since they stem from a three-variate
VAR. This is in fact the case for r = 3 and r = 4, but for » > 5 the smallest
root declines and lies always within the unit circle. For r > 22 even the second
smallest root becomes smaller than unity in modulus.

Figure 1: The moduli of the first and the second smallest roots as functions
of r

15

0.5 -

Figure 2 reports the distribution of the modulus of the smallest root for r = 15,
across 1000 replications for a standard block bootstrap on the z’s; the length of
the blocks was chosen to be equal to 22 quarters, large enough to retain the
cyclical information in the series. The mean value is 0.66. The percentage of
estimated values larger than one in modulus is 14.5.

Bootstrapping results strongly favour non fundamentalness of the structural
impulse-response function Cs5(L)H’. This implies that C5(L)H’ cannot be ob-
tained by estimating a VAR for the three-dimensional vector (xi1; X2t X3t). As

!Note that fundamentalness of C5(L) and of C3(L)H’ are equivalent.
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Figure 2: Frequency distribution of the modulus of the smallest root
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we argue in Section 5.4, non fundamentalness of C5(L) explains some important

differences between our structural impulse-response function and KPSW'’s.

5.4 Impulse-response functions and variance decomposi-
tion

Coming to the impulse-response functions, as anticipated above we impose long-

run neutrality of two shocks on per-capita output, like in KPSW. This is sufficient

to reach a partial identification, i.e. to identify the long-run shock and its response

functions on the three variables.

Figure 3: The impulse response function of the long-run shock on output for
r=12,15,18
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Figure 3 shows the response functions of per capita output for r = 12,15, 18.
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The general shape does not change that much with r. The productivity shock has
positive effects declining with time on the output level. The response function
reach its maximum value after 6-8 quarters with only negligible effects after two
years. It should be observed that this simple distributed-lag shape is different
from the one in KPSW, where there is a sharp decline during the second and the

third year, which drives the overall effect back to the impact value.

Figure 4: The impulse response function of the long-run shock on output,
consumption and investment for r = 15
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In Figure 4 we concentrate on the case r = 15. We report the response
functions with 90% confidence bands for output, consumption and investment
respectively (confidence bands are obtained by means of the block bootstrap
technique mentioned above). The shapes are similar for the three variables, with
a positive impact effect followed by important, though declining, positive lagged
effects.

Table 1 reports the fraction of the forecast-error variance attributed to the
permanent shock for output, consumption and investment at different horizons.
For ease of comparison we report the corresponding numbers obtained with the
(restricted) VAR model and reported in Table 4 of KPSW.

At horizon 1, our estimates are smaller. The difference is important for con-
sumption: only 0.30 according to the factor model as against 0.88 according to
the KPSW model. But at horizons larger than or equal to 8 quarters our esti-
mates are greater, the difference being very large for investment: at horizon 20 (5
years) the permanent shock explains 46% of its forecast error variance according
to KPSW as against 86% with the factor model. Thus a typical puzzle of the
VAR literature, the finding that technological and other supply shocks explain
a small fraction of investment variations even in the medium-long run, seems to
find a solution in our factor model.

As the variance of the idiosyncratic components of output, investment and
consumption does not exceed 15% of their total variance (see Section 5.2), non
fundamentalness of the structural shocks for (x1; xa2: X3¢), as opposed to funda-
mentalness of KPSW’s shocks for (x1; xo; z3:), appears to play a major role in

explaining such different dynamic profiles.
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Table 1: Fraction of the forecast-error variance due to the long-run shock

Dynamic factor model KPSW vector ECM

Horizon Output Cons. Inv. Output Cons. Inv.

1 0.37 030 0.07 045  0.88  0.12
(0.20)  (0.26) (0.16) (0.28) (0.21) (0.18)
4 057 077 042 058 089 0.1
(0.18)  (0.18) (0.17) (0.27) (0.19) (0.23)
8 078 087 072  0.68  0.83  0.40
(0.13)  (0.13) (0.13) (0.22) (0.18) (0.18)
12 0.86 090 0.80 073 083  0.43
(0.09) (0.11) (0.11) (0.19) (0.18) (0.17)
16 0.89 091 083 077 085 0.44
(0.08)  (0.11) (0.10) (0.17) (0.16) (0.16)
20 091 092 0.8 079 087  0.46

(0.07) (0.12) (0.09) (0.16) (0.15) (0.16)

6 Conclusions

We have argued that dynamic factor models are suitable for structural macroe-
conomic modeling and provide an interesting alternative to structural VARs.

As we have shown, a large panel with a small number of common shocks
allow the econometrician to recover the structural shocks under a reasonable
assumption on the heterogeneity of the impulse-response functions. Thus the
fundamentalness problem, which has no solution in the VAR framework, where
m shocks must be recovered using present and past values of m variables, becomes
tractable when the number of variables exceeds the number of shocks.

Our empirical application revisits a SVAR estimated in King, Plosser, Stock
and Watson (1991) for US output, investment and consumption. Using a large
panel including such series, we estimate a factor model with three common shocks

and apply KPSW'’s identification scheme. Two important outcomes are:
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1. The three-dimensional impulse-response function corresponding to output,
investment and consumption, implicit in our estimated factor model, is non fun-
damental, an important difference with respect to the VAR estimated in KPSW.
2. Comparing responses of the permanent shock in KPSW and the factor model,
we find that long-run effects are much more important in the second. In particu-
lar, the long-run response of investment in the factor model is almost two times

the one estimated in KPSW.
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Appendix

The following statement is proved below.
Proposition P.

(A) |Qm = Q|| = O, (max (I=, 7)),
(B) |D* — J,D* 7, = O, (max (%, LT)), for all k >0,
() |IK = TR Tyl = Oy (max (1, I
where J, and jq are diagonal matrices, r X r and q X q respectively, depending

onn and T, whose diagonal entries are equal either to 1 or —1.

Roughly speaking, Proposition P states that Q,,, D¥, K approximate Q.
DF. K respectively, the reason for the presence of 7, and jq being that we do
not want to establish a rule to decide the sign of the eigenvectors of fg and T
However,

~ ~ A~ —1 A~ A~ ~
Xmt = Cn(Lpor = [Qn:| (1= |5:DF| L)~ |T KT [T
= Qum(I — DL)™'Kv; = C,n(L)0y,
which is obviously a fundamental representation. As a consequence, setting H =

F(Qm, D,K), we have
(see (ii) at the end of Section 4.1). On the other hand, Proposition P implies that

. . A A A e 1 1
177 ] = |F (@, D) = F(@uuD.K)] = O, (max (1.2 ).

this being a standard result under reasonable regularity assumptions for F' (the
usual identification schemes, with zero first-impact or long-run restrictions, pro-
duce functions F' with elementary analytic entries). This result, combined with
(6.24), implies Proposition 3.

To prove Proposition P we need an additional technical assumption.
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Assumption 9. Denote by ;5 and 4} . the entries of I', fﬁ respectively. We
require that \/T||5F — ~E|| = O,(1) uniformly in n, i.e. that given n > 0 there
exists §(n) such that

P(VT |5 — Akl > 0(n) <,

foralli e Nand j € N, k=0, 1.

Moreover, we will make use of the following inequality, which is due to H.
Weyl. If A is a symmetric matrix we denote by 11;(A) the j-th eigenvalue of A in
decreasing order. Given a matrix B, ||B]| denotes the spectral norm of B, thus
|B|| = \/p1(BB’), which is the euclidean norm if B is a row matrix. Let A and
B be two s x s symmetric matrices. Then (see e.g. Stewart and Sun, 1990, p.

203, Corollary 4.10):

i (A+ B) — i (A) < ym(B*) = B, j=1,....s (6.25)

Lemma 1. Denoting by Z,, the n X m matriz having the identity matrix I, in

the first m rows and 0 elsewhere (see Section 4.1),

(i) ;= Til = 0y (J7).  k=0.1.

VT
(i1) \/LEHI;n (fﬁ - Fm) | =0, (L) for any (fived) m
(iii) L|[0% = TX|| = O, (max (1, %)), k=01
(i) ﬁ”ﬂn (fﬁ — F%‘) | =0, (max (%L, %)) for any (fized) m

Proof. We have

pn (0% = TH(F ~T§)') < trace (Of ~TH(TE ~TE)) = Zznw%wz@{—
i=1j=1

where the last equality follows from Assumption 9. This proves (i). Similarly, we

have

“ 2 m n
trace (I;n (Fg - Fg) Im> =3 > G — 15" = Oy (%) .

i=1j=1



Statement (ii) follows. As for (iii), observe that I'¥ — I'X = I'¥ — I'¥ 4+ I'{ by
Assumption 3, so that l”fm I < %Hfﬁ — T+ %HFEH The first term on the
RHS is O, ( ) by statement (i), whereas the second is bounded by %,u%, which
is O (E) by Assumption 5. Statement (iv) is obtained in a similar way, using (ii)

instead of (i) and the upper bound \/Lﬁ,uﬁ instead of %,uﬁ Q.E.D.

Lemma 2.

(1) i —“J —Op(max( ,\/—)) for any j.

(it) There exists i such that, for all n > n, (%) is invertible.

(iii) For any n > n and n > 0, there exists T(n,n) such that, for T > 7(n,n),
(%) is invertible with probability larger than 1 — n; moreover, if (%)‘1 erists

formn=n* and T = T*, it exists for alln >n* and T > T*.

() [|*2|| and || (%)_1 |, which depend on n, are O(1); ||1\flz | and || (Azz)_l I,

which depend on n and T, are Opy(1).

Proof. Setting A = T¥, B = I'¥ — T and applying (6.25) we get L — pf| <
%Hfﬁ —TI§||, which is O, (max ( , \/—)) by Lemma 1 (iii). As for (ii), by Assump-
tion 4 (b) there exists 7 such that, for n > n, '“— > ¢, > 0, so that det ( ) # 0.
Turning to (iii), setting A =I'], B = Fg —1I'§ and applying Weyl inequality we get
Lar — pt) < %Hfﬁ —I'%||, which is O, (\/LT) by Lemma 1 (i). Now, u¥ > pX, since
Fg is positive semi-definite, so that, for n > n, ’;—f > ¢, > 0. Hence det (%)
is bounded away from zero in probability as T — oo. The last part of state-
ment (iii) follows from the fact that the rank of the observation matrix zZ, and
therefore the rank of I'Z, is non-decreasing in n and T. As for (iv), observe that
22 = % and || (%)_1 | = -, which are asymptotically bounded by 01 and -
) [ then

by Assumption 4 (b). Boundedness in probability of || Aflz | and || ( -
follow from statement (i). Q.E.D.

Lemma 3.

(i) |[WX WAL — Myype|| = O, (max (L, L))
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(ii) W WXWN e — L[| = O, (max (1, &)
(iii) There exist diagonal r X r matrices T, depending on n and T, whose diagonal
entries are equal to either 1 or —1, such that ||W*Wx—T.|| = O, (max (%, \/LT))
Proof. We have ||WX’W””$ - %WX’WQ”H = || WX (fﬁ - Fé‘) wWe|| < %Hfﬁ -
I'y|l. Statement (i) then follows from Lemma 1 (iii). As for (ii), set

a = WHWXWYIe = Worwpvpys 3 ()

b= W WA pvpe (M) — gy (42) 7

¢ = M Tgtye (M) 2 dr ()T g

n n

We have ||a —¢|| < ||la—b|| + ||b — ¢||. Both terms are O, (max (m \/—)) the first
by statement (i), the second by Lemma 1 (iii). Turning to (iii), let us denote by
w} and w the j-th column of W and WX respectively. By taking a single entry

of the matrix on the LHS of statement (i) we get

1 1 1
(0% — X)) w¥ ot = —Z
n('uj ui)iji—0p<max<n,ﬁ>>,

1 < r, 5 <r. Now, for j # i, %(ﬂf—,uﬁ‘) is bounded away from zero in
probability, since py and p} are asymptotically distinct by Assumption 4 (b),
while i tends to ,u;‘ in probability by Lemma 2 (i). Hence the the off-diagonal
terms of W*WX are O, (max (m \/—)) Turning to the diagonal terms, let us

first observe that W WXWXw? =14 O, (max( )) by statement (ii). But

N
J#Z
Hence (1 — |@Fw)|) (1 4+ |[wFfw)]) = O, (max (%, %)), so that 1 — |[@¥w)| =
O, (max( , \/—)) Q.E.D.
Proof of Proposition P (A). Set
a=Qmd, = \/ﬁI;nWXjT, where J, has been defined in Lemma 3 (iii),
b= I, WXWXW* = /T, WX (8) 7
e = VAT, WAEW () = T (A)
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d= -1, e (1 ) = VT W = Qpn
Firstly observe that ||/nZ/, WX|| = ||Z/, AT} (%)‘1 | is O(1), since ||Z/, A.TJ]|
is O(1) and || (%)_1 | is O(1) by Lemma 2 (iv). Hence we can apply Lemma
3 (i) to get [la —b|| = O, (max( ,\/—)), and Lemma 3 (i) to get [|[b —¢| =
0, (max (%, \/LT)) Finally, Lemma 1 (iv) ensures that ||c—d|| = O, (max (%L, LT))
Q.E.D.

Tz

AfL )_1 and jTDjAT =
L 7 WX XX (%)_1 Jr = L wxXTYwx g, (%)_1, where J, has been defined

Proof of Proposition P (B). We have D = %W”fgfﬁ/m (

in Lemma 3 (iii). Set

— Lieryiye (A5) 7 = ey wap e (1)
¢ = LGWNIYWXG, (42) 7
d=J,DJ, = LJ WX Wwx (M)_l Jr = L3 WXTIWX G, (%)
By Lemma 1 (i) la—b] is O, (5 ); by Lemma 3 (iii) [[b—c|| is O, (max (L, J=));
by Lemma 2 (i) | —d] is O, (max (%, -%)). This proves the statement for k = 1.

-1

Observing that jf = I,, the extension to the case k > 1 is straightforward.
Q.E.D.

Lemma 4.
(i) |IT =T, 0T, || = (max (% T)) where J, has been defined in Lemma 3 (iii).
(i) i5; = 5 = Oy (maxx (3. 7)) s =

(iii) [M — M| = O, (max (L, TT)).
() M~ ezists for n sufficiently large and its norm is O(1) asn — oo; moreover,
MM — 1| =0, (max (%, %))
(v) There exist diagonal q X g matrices jq, depending onn and T, whose diagonal

entries are either equal to 1 or —1, such that | K'J, K — J,|| = O, (max (l, \/L_))

Proof. We have I'® = M —f)mf)’ and J,IJ, = J, ( - DMXD’) Jp = Mx

n

J.DIMX 7 D' J.. Statement (i) then follows from Lemma 1 (i) and Proposition

n
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P (B). As for (ii), notice first that the eigenvalues of 7,1, are identical to
those of I'“. Hence setting 4 = ', B = I'* — 7,I°J, and applying (6.25) we get
|15 —ps| < |0 — 7,17, ||. Statement (ii) then follows from (i). Turning to (iii), we
have M2 — M2 = (M - /\/l) (M + /\/l) As the second factor is asymptotically
bounded away from zero by Assumption 8, the result follows from statement (ii).
Statement (iv) follows from the fact that pug > d, > 0 for n sufficiently large by
Assumption 8 and statement (iii). Finally, result (v) is obtained following the

lines of Lemma 3, with Assumption 8 ensuring asymptotically distinct eigenvalues

instead of Assumption 4 (b). Q.E.D.

Proof of Proposition P (C). Let us denote by N the diagonal matrix having
on the diagonal the smallest r — ¢ eigenvalues of I'* and by K| the r x (r—q)
matrix having on the columns the corresponding eigenvectors, so that Ie =
KM2K' + K. NK',. As p; = 0 for j > q by Lemma 4 (ii), the second term
is O, (max (%’\/LT)) Hence by Lemma 4 (i), |KM?K' — J,KM?*K'J,|| =
O, (max (%, \/LT)), where J, has been defined in Lemma 3 (iii). Postmultiplying
by KM, which is O(1) by Lemma 4 (iv), we get
|IKMM™ — J.KM?K' J,KM™| = O, | max 11 .
r r P n’ \/T

The desired result is obtained by applying Lemma 4 (iv) and Lemma 4 (v) and
observing that J,M™! = M~17,, where J, has been defined in Lemma 4 (v).

Q.E.D.
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